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In the supercritical range, Bourgain resolved the natural restriction conjecture in the case $\documentclass[12pt]{minimal}
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Before introducing these results, we discuss our motivation to seek $\documentclass[12pt]{minimal}
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Note also that truncated estimates of the form ([1.5](#Equ5){ref-type=""}) can be completed into full estimates of the form ([1.2](#Equ2){ref-type=""}) for a large enough range of exponents, whenever a subcritical estimate of the form ([1.4](#Equ4){ref-type=""}) is known (which is always the case for $\documentclass[12pt]{minimal}
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Theorem 1.1 {#FPar1}
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The proof of this result consists in an adaptation of Bourgain's argument for squares \[[@CR2]\]. We comment in Sect. [5](#Sec5){ref-type="sec"} on the results that can be obtained for arbitrary monomial curves by this approach. It turns out that one only obtains the whole supercritical range for the curve $\documentclass[12pt]{minimal}
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Analytic preliminaries {#Sec3}
======================

In this section we discuss several standard tools in discrete restriction theory, such as even moment bounds, the epsilon-removal process, and Bourgain's \[[@CR2], [@CR3]\] discrete version of the Tomas--Stein argument \[[@CR25], Chapter 7\] from Euclidean harmonic analysis.
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----------
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-----
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Remark 3.4 {#FPar9}
----------

Scalar variants of this argument existed in many works of the circle method. See for instance Section 7.3 of \[[@CR23]\]. See also \[[@CR6]\] for a scalar version that closely resembles the one here.

Remark 3.5 {#FPar10}
----------
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The next lemma demonstrates how incorporating subcritical estimates improves the supercritical ranges.

Lemma 3.6 {#FPar12}
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This lemma has appeared implicitly in previous work, for example with $\documentclass[12pt]{minimal}
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Restriction estimates for *k*-th powers {#Sec4}
=======================================

In this section, we obtain truncated restriction estimates for the surface of *k*-th powers of integers, that is, for ([1.6](#Equ6){ref-type=""}). We fix a degree $\documentclass[12pt]{minimal}
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Theorem 4.1 {#FPar14}
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Before embarking on the proof, we derive two consequences of Theorem [4.1](#FPar14){ref-type="sec"} mentioned in the introduction. The first consequence is the second restriction estimate of Theorem [1.1](#FPar1){ref-type="sec"}.

Corollary 4.2 {#FPar15}
-------------
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-----
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We now set out to prove Theorem [4.1](#FPar14){ref-type="sec"}. We fix a sequence $\documentclass[12pt]{minimal}
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At this stage, we need to import a divisor bound used by Bourgain \[[@CR2]\].
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-----

In the sum of ([4.14](#Equ29){ref-type=""}), the term $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\ell =0$$\end{document}$ contributes at most $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Q^B$$\end{document}$, and by \[[@CR2], eq. (4.31)\] the other terms contribute at most $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_{\varepsilon ,B} Q^\varepsilon N^k$$\end{document}$. The conclusion follows from our assumption on *Q*. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

We now proceed to our $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varepsilon $$\end{document}$-removal level set estimate.

Proposition 4.9 {#FPar29}
---------------

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\nu \in (0,1]$$\end{document}$ be a parameter. There exists a constant $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$c_\nu > 0$$\end{document}$ such that, for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p > k$$\end{document}$,$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} |E_{\eta N^{1/2}}| \lesssim _\nu N^{-k} \eta ^{-2(1+\nu )p} \qquad \text {for} \qquad \eta \geqslant N^{-c_{\nu }}. \end{aligned}$$\end{document}$$

Proof {#FPar30}
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Proof {#FPar32}
-----
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The second estimate is obtained similarly, by invoking Proposition [4.9](#FPar29){ref-type="sec"} in place of Proposition [4.6](#FPar24){ref-type="sec"}. $\documentclass[12pt]{minimal}
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Proof of Theorem 4.1 {#FPar33}
--------------------
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Extending the moment method {#Sec5}
===========================

The method of the previous section extends to many surfaces, due to its reliance on little number-theoretic information. However, it does not seem to produce truncated restriction estimates in the complete supercritical range for many interesting cases, and therefore we only sketch this class of results.
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Arc mollifiers {#Sec6}
==============

This section serves to introduce a technical tool, borrowed from Bourgain \[[@CR3], Section 3\] and used in the proof of Theorems [1.3](#FPar3){ref-type="sec"} and [1.4](#FPar4){ref-type="sec"}. It consists of a collection of multipliers in the frequency variable $\documentclass[12pt]{minimal}
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Proposition 6.1 {#FPar34}
---------------
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-----
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At this stage we define the fundamental domain $\documentclass[12pt]{minimal}
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Proposition 6.3 {#FPar38}
---------------
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Proposition 6.4 {#FPar40}
---------------
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Proof {#FPar41}
-----
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Restriction estimates for *k*-paraboloids of arbitrary dimension {#Sec7}
================================================================

In this section, we obtain truncated restriction estimates for the surface ([1.7](#Equ7){ref-type=""}), for an arbitrary dimension $\documentclass[12pt]{minimal}
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Theorem 7.1 {#FPar42}
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We record below the corresponding restriction estimate that can be obtained by bounding the tail of the integral.

Corollary 7.2 {#FPar43}
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Proof {#FPar44}
-----

We invoke Lemma [3.6](#FPar12){ref-type="sec"}. The first assumption is verified with $\documentclass[12pt]{minimal}
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Our argument will make use of Lemma [3.3](#FPar8){ref-type="sec"}, whose philosophy borrows from the circle method the paradigm of major arc and minor arc estimates. As such we will split our convolution kernel *F*, defined in ([7.2](#Equ45){ref-type=""}) below, into major arc pieces and a minor arc piece. On the minor arc piece we will only need some power savings on the trivial bound. We decompose the major arc pieces in a fashion similar to \[[@CR3]\], but simpler, and we use the Tomas--Stein method to obtain decent estimates.

We introduce some notation before turning to our proof. We fix integers $\documentclass[12pt]{minimal}
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By ([7.8](#Equ51){ref-type=""}), we have the following immediate corollary.
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Proposition 7.6 {#FPar50}
---------------

We have$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \Vert \widehat{F^{Q,s}} \Vert _\infty \lesssim \frac{Q^2}{2^s N^{k-1}}. \end{aligned}$$\end{document}$$

Proof {#FPar51}
-----

For any $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(m,\varvec{\ell }) \in \mathbb {Z}^{d+1}$$\end{document}$, we have$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \widehat{F^{Q,s}}(m,\varvec{\ell })&= \int _{\mathbb {T}^{d+1}} \Phi _{Q,s}(\alpha ) F(\alpha ,\varvec{\theta }) e( - \alpha m - \varvec{\theta }\cdot \varvec{\ell }\, ) \mathrm {d}\alpha \mathrm {d}\varvec{\theta }\\&= \sum _{\mathbf {n}\in \mathbb {Z}^d} \omega _d(\mathbf {n}) \int _{\mathbb {T}^{d+1}} \Phi _{Q,s}(\alpha ) e\big ( \alpha ( |\mathbf {n}|_k^k - m ) + \varvec{\theta }\cdot ( \mathbf {n}- \varvec{\ell }) \big ) \mathrm {d}\alpha \mathrm {d}\varvec{\theta }\\&= \omega _d(\varvec{\ell }) \widehat{\Phi }_{Q,s}( m - |\varvec{\ell }|_k^k ). \end{aligned}$$\end{document}$$The result now follows from ([6.8](#Equ40){ref-type=""}) and the trivial bound $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Vert \widehat{\Phi }_{Q,s} \Vert _\infty \leqslant \Vert \Phi _{Q,s} \Vert _1$$\end{document}$. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$
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Proposition 7.7 {#FPar52}
---------------

Uniformly for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Q \leqslant 2^s \leqslant N$$\end{document}$, we have$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \Vert F^{Q,s} *f \Vert _\infty&\lesssim _{\varepsilon } Q^\varepsilon \Big ( \frac{2^s}{Q} \Big )^{\frac{d}{k}} N^{d(1-\frac{1}{k})} \Vert f \Vert _1, \end{aligned}$$\end{document}$$ $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \Vert F^{Q,s} *f \Vert _2&\lesssim _\varepsilon \frac{Q^2}{2^s N^{k-1}} \Vert f \Vert _2. \end{aligned}$$\end{document}$$

Proof {#FPar53}
-----

First note that for any bounded function $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$W : \mathbb {T}^{d+1} \rightarrow \mathbb {C}$$\end{document}$, we have$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \Vert W *f \Vert _\infty \leqslant \Vert W \Vert _\infty \Vert f \Vert _1, \qquad \Vert W *f \Vert _2 = \Vert \widehat{W} \widehat{f} \Vert _2 \leqslant \Vert \widehat{W} \Vert _\infty \Vert f \Vert _2. \end{aligned}$$\end{document}$$Applying these two inequalities to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$W = F^{Q,s}$$\end{document}$, and inserting the estimates of Propositions [7.5](#FPar48){ref-type="sec"} and [7.6](#FPar50){ref-type="sec"}, we obtain the desired bounds. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

Interpolation between the previous convolution estimates gives the following result.

Proposition 7.8 {#FPar54}
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We need to sum this up over the major arcs.

Proposition 7.9 {#FPar56}
---------------
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Proof {#FPar57}
-----

When $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p' > p'_0$$\end{document}$, Proposition [7.8](#FPar54){ref-type="sec"} and the triangle inequality yield$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \Vert F_\mathfrak {M}*f \Vert _{p'}&\leqslant \sum _{Q \leqslant N} \sum _{Q \leqslant 2^s \leqslant N_1} \Vert F^{Q,s} *f \Vert _{p'} \\&\lesssim \sum _{Q \leqslant N} \sum _{Q \leqslant 2^s \leqslant N_1} Q^{\frac{2}{p'} + \varepsilon } \Big ( \frac{2^s}{Q} \Big )^{ \frac{d}{k} (1 - \frac{p'_0}{p'}) } N^{ d(1-\frac{1}{k}) (1 - \frac{p'_0}{p'}) } \; \Vert f \Vert _{p} \\&\leqslant \sum _{Q \leqslant N} Q^{\frac{2}{p'} - \frac{d}{k} ( 1 - \frac{p'_0}{p'} ) + \varepsilon } N^{ d (1 - \frac{p'_0}{p'}) } \; \Vert f \Vert _{p} . \end{aligned}$$\end{document}$$The sum over the dyadic *Q* is *O*(1) for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(2 + \frac{d p'_0}{k}) \frac{1}{p'} < \frac{d}{k} $$\end{document}$, which gives the range stated in the proposition. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

Proof of Theorem 7.1 {#FPar58}
--------------------
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Restriction estimates for *k*-paraboloids of low dimension {#Sec8}
==========================================================

In this section, we pursue the study of *k*-paraboloids of the form ([1.7](#Equ7){ref-type=""}) initiated in Sect. [7](#Sec7){ref-type="sec"}, but we aim at obtaining results valid in the complete supercritical range of exponents $\documentclass[12pt]{minimal}
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Theorem 8.1 {#FPar59}
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Note that lifting this result to a complete restriction estimate via Lemma [3.6](#FPar12){ref-type="sec"} would yield the same result as Corollary [7.2](#FPar43){ref-type="sec"} with a more restrictive condition on *d*, therefore we do not carry out this process. Our method of proof follows again the number-theoretic approach of Bourgain \[[@CR3]\] for the parabola, this time in a fashion closer to the original. Remarkably, this approach does not break down when using the weaker minor arc estimates available for the Weyl sums ([7.3](#Equ46){ref-type=""}) associated to the *k*-paraboloid. As in that reference, we first obtain a version of the desired estimate which an extra factor $\documentclass[12pt]{minimal}
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Bounds on major and minor arc pieces of the exponential sum {#Sec9}
-----------------------------------------------------------

For each dyadic integer *Q* and integer $\documentclass[12pt]{minimal}
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### Proposition 8.2 {#FPar60}
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### Proof {#FPar61}

From the definitions ([7.6](#Equ49){ref-type=""}) and ([8.1](#Equ58){ref-type=""}), we have$$\documentclass[12pt]{minimal}
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In the rest of this section, we assume that the hypothesis $\documentclass[12pt]{minimal}
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### Proposition 8.3 {#FPar62}
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### Proof {#FPar63}
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### Proof {#FPar65}
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### Proposition 8.5 {#FPar66}
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### Proof {#FPar67}

By the same argument as in Proposition [7.7](#FPar52){ref-type="sec"}, inserting the estimates of Propositions [8.2](#FPar60){ref-type="sec"} and [8.3](#FPar62){ref-type="sec"} instead, the proposition follows. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

Interpolation at the critical exponent almost completely removes the operator constant, as the next proposition shows.

### Proposition 8.6 {#FPar68}
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### Proof {#FPar69}
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In this subsection we derive the upper bound in Theorem [8.1](#FPar59){ref-type="sec"} up to a factor $\documentclass[12pt]{minimal}
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### Proposition 8.7 {#FPar70}
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### Proof {#FPar71}

Starting from ([8.9](#Equ66){ref-type=""}), and using the triangle and Hölder's inequalities, we obtain$$\documentclass[12pt]{minimal}
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The previous level set estimate may be integrated into a truncated $\documentclass[12pt]{minimal}
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### Proposition 8.8 {#FPar72}
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### Proof {#FPar73}

It suffices to invoke Proposition [8.7](#FPar70){ref-type="sec"} in$$\documentclass[12pt]{minimal}
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------------------------------------------------------------------------------------------

The goal of this section is to derive Theorem [8.1](#FPar59){ref-type="sec"} in full. While we use propositions from the previous subsection, we do not need the final $\documentclass[12pt]{minimal}
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### Lemma 8.9 {#FPar74}
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We tacitly assume that the letter *B* denotes an integer from now on. We may now establish a more precise version of the estimate ([8.5](#Equ62){ref-type=""}), using divisor function bounds.

### Proposition 8.10 {#FPar75}
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### Proof {#FPar76}
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Following the argument of Bourgain \[[@CR3]\], we distinguish two cases according to the size of *Q*. We introduce a parameter $\documentclass[12pt]{minimal}
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### Proposition 8.14 {#FPar83}
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### Proof of Theorem 8.1 {#FPar85}
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Appendix A: Bounds on Weyl sums {#Sec12}
===============================
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On the major arcs, we use a majorant obtained through the Poisson formula and standard bounds on oscillatory integrals and Gaussian sums.
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